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HIGH-FREQUENCY ASYMPTOTICS OF SOLUTION upe. 333.6

OF THE NONLINEAR PROBLEM NEAR A CAUSTIC”

S. M. MANUKIAN

The determination of parameters of motion of nonlinear dispersing inhomogeneous media
is considered in the case of quasi-simple harmonic small amplitude waves near a caustic. A
nonlinear equation is obtained for high-frequency asymptotics of wave amplitude in an
arbitrary weakly nonlinear dispersing nonhomogeneous medium, which is in essence an
ordinary second order differential equation which in the linear case becomes the
Airy equation. This confirms the validity of standard solutions /1/ for dispersing
linear media and simple harmonic waves.

Equations are derived here on the assumption of smooth variation of wave parameters, which
is possible for media with cubic nonlinearity or for those with weak quadratic nonlinearity
with strong dispersion. Unlike in the case of media with quadratic nonlinearity in which the
equation of short waves is valid near a caustic /2-5/, an ordinary nonlinear differential
equation whose solution has different properties for stable (defocusing) and unstable (focus-
ing) media, is obtained for smooth quasi-simple harmonic waves in cubic media.

The Airy function was used in /1/ for deriving a solution near a caustic of an arbitrary
linear hyperbolic system with variable coefficients for a time periodic wave. A linear solu-
tion was obtained in /6- 8/ for unsteady simple harmonic waves near the caustic. That solution
at the caustic has a singularity whose elimination necessitates cobtaining simplified non-
linear equations of short waves and finding their solutions /2/. Equations near a caustic in
nonlinear formulation for unsteady low intensity waves were obtained in /3,4,9/. A numerical
solution of the nonlinear problem appears in /5,10,11/. Equations for periodic shock waves
and methods of their solution are given in /12/. Investigation of waves, close to simple har-
monic, near a caustic when variation of wave amplitude and phase is smooth prior discontinuity
formation is also of interest. General modulation equations for such waves were obtained in
/13—16/. 1In deriving the modulation equation it is possible to assume, as in geometric
optics, the basic wave frequency to be high /15 and 16/, which is equivalent to the assump-
tion of slow variation of amplitude and phase.

1. Derivation of nonlinear equations. Let us obtain the equations for slow varia-
tion of amplitudes on phases of a quasi-simple harmonic wave near a caustic. The obtained in
/1/ linear solution near a caustic depends on two variables /1,3,6—8/

a* =(x—x%)k, y=(x —x)N (1.1)

where k = {ay}, j =1, 2, 3,..., » 1is the vector of the normal to the wave at point A of ray

tangency to the caustic surface, N is the unit vector of the normal to the caustic at point

A directed toward its concavity, y is the distance of point x from the caustic, z* is the

time of wave run along the ray from A to point x, and x° is the radius vector of point 4.
The solution implies the following orders of smallness of parameters:

¥ ~¢el y~ce (1.2)

where for a step-wave &~ ¥ and vy is the wave intensity away from the caustic.
As in /1,13/, we consider a high-frequency asymptotics of the problem. Let in a linear
formulation the medium be defined by the equation

. ] 2 9 ] 9
A (iph— Py, X)O =0, p!=w="ﬁ:""a‘—+w%t p5=al"b:_o+ N’-sy_ (1.3)

where A 1is some linear operator with variable coefficients of the form of a polynomial of
n -th power.

In accordance with (1.1) the second term in p; is unessential. Expanding A in powers

of small operators N,8/dy, (1 + dx*/9t)d/dz* and retaining only higher derivatives, we obtain
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A (ip, — ipjx) = A (—idj0x*,— ia;0/0z*, VD + Ly + Lyx + Low + Ly + Ly {1.4)
fo= ‘;?TAk (rx —2x%),  Lax==iD /00 (£ — £x°) "?Tk %

Ly, = (— Aligjoom | D-idjorey-ia;iom %) N; %;y_

Lay=— 5 BaapronelVil; o

w;x/;rs) the subscript at the operator A denotes differentiation, for instance A_ijox == 0A/d (—
i0/0z*).

Let us set in conformity with /15/ @ = ¢ei*** which is in agreement with the linear sol-
ution near a caustic and where o is the unperturbed wave frequency. From this follows that
A~ow" Ay ~o™, @ ~&" /15/. We omit in L, and the second term in L,, since they are
of a higher order of smallness €*3.2 than the remaining terms of order g!™3"/2, We also
omit in (1.4) terms of order e3(-"/2 obtained by the action of operators on variable coef-
ficients. Taking into account the dispersion relation at point A4, the equality A (w, @; %) =
0, and the relation N;A, =0, we obtain for a slowly varying amplitude ¢ the expression

/15/
] da;l oa; . bZ;
el AQ = __,quAm (-’l‘j '—J‘jn) (L __?’-ti) — —;— Atzi”a"hiNj % (1.5)

where the ray equation is used

da]-* « ox*
g =0 oFf=a;w, @;=-7- (1.6)
7

.—-=a’: b T = - Aﬁl)
On the basis of (1.1) we set z; — z;* = y,N; — y,0;N;Aq [{@xBa)) .  Using the notation

o (B0 g
My = — 0l (z; — 2;°) (*5,— —-—,,—,-)

we obtain

’ N, da.l aaj
7\‘1=—-(1)A(,) (\N] —E;K;Amj) (...5:_ —'—a‘t‘-)
from which and (1.5) we have
d*idys — w9 =0, % =2h1/(AgapViN;) (L.7)

The solution of Eq.(1.7) near a caustic expressed in terms of Airy's function v(y) /12/ is
of the form

¥ = Kv (y,) exp lin (k/2 4+ %)), y, = y»'*, K = Bo (1.8)

where the constant B which defines the ray solution away from the caustic is
Poo = (—iw) 1B (—yy) e 0xp [¥gi (—yy)*]
For deriving the nonlinear equation which defines the slow amplitude variation in con-

formity with the method used in the theory of modulation /13/, we apply the nonlinear disper-
sion formula obtained by varying the Lagrangian

°=§ Ldzde

averaged over the amplitude. It should be noted that taking into account the quadratic non-
linearity near a caustic in unsteady nonlinear problems as was made in /9,10,15/ for slowly
varying amplitudes in a nondispersing medium, does not result in nonzero additions in (1.7).
In the case of a dispersing medium with quadratic nonlinearity, for example of the coeffic-
ient of dynamic viscosity (KDV) in the nonlinear dispersion formula, a nonzero nonlinear term
is generated /15/. To take the latter into account we write /13,15/ the nonlinear dispersion
formula which is valid in the slow modulation region, i.e. away from a caustic, as
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0 == 0g (ky 2) 4 (000/88%)gut® (1.9)
© = —wped (2* + Q)/BE, 0 (2* + @) = F
Ve = O (k° ), 9 -‘p(yx)

n 2= o - G (zx — )+ G (6 —K) - g (85— ) — o)

where F is the eikonal, and@ k® = {x/*} is the value of vector k at point 4. The constant
@, 1is the same as ® in (1.5).
Using (1.1), the definition of a;* in {(1.6), the dispersion equation A =& — w,(ay, 7))
for the nonlinear problem, and Eq. (1.6) for rays, we obtain

Mys + - ” Baa; NN (31/ ) -~(%)a=na’—_=0 (1.10)

which is the nonlinear equation for the perturbed phase ¢.

Let us assume that unlike in the linear sclution ¢ also depends on z*. Then the ap-
plication in (1.4) of the first operator to the product e in its right-hand side, retain-
ing only the first derivatives with respect to v, yields

0hy, +ad, a (L.11)

...___;m

«

The right-hand side of (1.5) is then supplemented by the term iv ! {(wAy- a,Aa) X 0¢lox*,
and if (1.11) is also to be of order % it is necessary to set a/dz* ~ Yu's. In the
case of nondispersing media for which A is a homogeneous function that term is zero, This
occurs, for instance, for a conducting medium considered below. In a linear problem the ad-
dition of this term corresponds to the substitution for Airy's function of the function

glox*

8

why

v=Ba[ §exp{ T+y¢r)]dr, ﬂ=‘—m

which satisfies the equation

B%/By,? — yyv — idvidny =0

Since 2* ~ 1/0, yy ~ 1, hence 1t~ 1, and we assume that n=0, which corresponds to the
rejection of the term (1.11).

We set in (1.5) + = gel%, equate the right-hand side to zero, and separate the real part
of the obtained equation. Thus:

-%— AgaNeN; [a (—,,‘%)’ - -g;-:.—} + ahy1 =0

Omitting the diffraction term 8%/8y,*® and comparing with Eq.(1.10), we obtain near the caustic
a nonlinear equation of the form

1 o o 1.12
3 BNl ;5% — Moyt + Ao (55)_ B[ 9IP=0 (1.12)

For a defocusing medium &e/da® >0 , hence near the caustic Eq.{1.12) assumes the form

Syt — Yy — B [ 12 =0 (1.13)

¥ = Yy exp lin (k /2 + ¥/,)]
= (= AV Aul0/0a) gyl
v =’-3¢"‘-'", 3-3 <0: AQ>0

Since in the linear problem by virtue of (1.8) +, is real, we set in the nonlinear
problem |, |? = ¥*. The linear asymptotics for V¥, is of the form

by = Kplv (y,) (1.14)

Away from the caustic we seek a solution of Eq.(1.13) by the method of slowly varying
amplitudes and phases; after separating real and imaginary parts, we obtain equations



72 S. M. Manukian

dp \2 %a a &9 da dg
a\—=—) — =5 = —t _— Y =
(dy,, ) TR -+ Yxo -+ a 0, a P -+ 2 By 07 0 (1.15)

Rejection of the diffraction term #%2/dy,® yields the nonlinear dispersion formulas; further
rejection of the nonlinear term & yields an equation whose solution for large in absol-
ute value negative y, is given by asymptotics (1.8). Coefficients of Egs.(1.12) depend on

specific media.

o : . .

1¥. Let us determine the coefficients of equations of electrodynamics of slender beams.
We write the equation for the electric field intensity E on the assumption that gat L ey
as /13/

V’E+V(%!E>+k’(1+e,a2)E=0 (1.16)

whose solution for a monochromatic wave is of the form
E = (aey exp (—it) + aey, exp (i7)), k = oV gyfc, /a9t = —1, 8v/azy = &,*, E = (E\+ E,)/2

where e, is the unit vector of linear polarization, V is the Hamiltonian a=|E;|, ¢ is the
speed of light, tv is the eikonal, & and e (1 + & |E;|®) are, the refraction indices in the
linear and nonlinear problems, respectively. We select a linear dispersion formula of the
form

Then
Aa.. =— can"/!aj*/a, Aai'a]-*N V5 = — c¥(egtao)
00 / 88% = —Ysea00 <0, My =—0/R
RA= R} —R, o= (o + ot + o)
where R,! is the projection of the ray curvature vector on the normal to the caustic, R,

is the projection of the vector of curvature of the respective surface ray on the normal to
the caustic. Equation (1.12) assumes the form

¢ P » gty - (L.17)
pTNT T RU1‘9+ 5 $ip[E=0

which relates to a focusing medium in which (dw/ds?),_, < 0., Then, instead of (1.13) we have the
equation

B b B =0, = /(8 Coida)e )" (1.18)
*

20. For waves on the surface of a deep wave we obtain a nonlinear dispersion relation
of the form /14/
o = ga* (1 + a*ad), o* = (@’ + )"
where a is the fluid surface elevation amplitude and ¢ is the acceleration of gravity. The
coefficients of Eq.(l.12) can be specified similarly. The linear dispersion equation has the
form A= w, —V¥gs* and then

1/

VET /2 ) 1
=84 =—-___g = — % e »2
Bap == St BapapVilY; W T Tm T
and Eq.(1.12) can now be written as
1z
g ) @ N Y 2 Q (1.19)
o maa T b

Thus Eq.(1.19) relates to a defocusing medium and reduces to the form (1.13).

30. For waves on the surface of water of finite depth &, the nonlinear dispersion rela-
tion is of the form /13/

kiga? N _ TS — 10T+ 9 4 (20— cf2)” 1.20
0= 00 @)+ ) L, 0y = ML IE RS - S ERTA (1.20)
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To=th(kh), @ (k) =< gkth (ko). Co= @' (B =

As shown in /13/, @,"<0, 23>0 when &h>138 and <0 when kks<4,3. Thus for
waves over deep water (do/de¥), >0 andthere is transverse stability of the wave /16/. The
medium is defocusing relative to transverse perturbations, i.e. near a caustic the equation

reduces to (1.13), while for shallow water (jo/de?), <0, the medium has focusing properties,
and Eq.(1.18) holds.

40. Let us determine the nonlinear dispersion relation for waves on the surface of in-
finitely deep water covered by a thin elastic plate. For simplicity we take into account only
the physical nonlinearity defined by the nonlinear shear modulus y.G, whexe ¢ 1is the
linear shear modulus /17/. The Lagrangian L is represented in the form of sum Ly + Iy, where

L, and L, are, respectively, the Lagrangians for water and plate. Representing, as in /13/,
water elevation in the form of quasi-simple harmonic waves A = acost+ dcos T, introducing
the averaged Lagrangian

L‘=%8Ldt
0

and varying L* with respect to g4, as in /18/, we obtain

o\ _ T (1.21)
(6o = T
_ 2GRN (1 — v - v¥)2 i ’ 2%
T= T80 (T — )t +2"°"p"( T)
- _bgp’ (1 —v)+ Gh%kt
0= e ek FerD
= plog? (k)
= 557 —Fpot () F T80WTR (T — )73

%*

where o, is the frequency in the linear problem, p’ and p are densities of water and plate,
respectively, h is the plate thickness, and v is the Poisson's ratio.
When p' =0, we have for the plate the nonlinear dispersion equation

do _ 7aGhtke (1 — v | %) G
mﬁ(b_ai)a-o— : 18p (1 — )7 ! m°’_(5(1_v)p (1.22)

For an incompressible plate for which v=1, formula (1.22) was obtained in /18/. Since
for metal plates ,<0 /17/, hence (dw/ da%),_, <0, i.e. the medium has focusing properties
/18/. It is interesting to investigate the dependence of (sa/ 3a")gmo ©n the values of E=g/
(hgp'); Yas kh. Computations were carried out for fixed vy, = 10% % = 108, £ = 10* and y, = —10%, % = 10%, f =
10* for kb varied from 0 to 0.5. In the first variant with gy, = —10%,§ =10, (0/ 3% <0 was
obtained everywhere, except for kh=0, where (4o/da%), = 0,25. In the second variant (éw/
da%),., changed its sign when ki was increased. The dependence of 1= (d0/ 8a%),,% gk on

kh is shown in Fig.l. It will be seen that for 0< kh< 0,21 the medium has defocusing
ot - properties relative to transverse oscillations and
] / /—N\ focusing ones when kh> 0,21. It should be pointedout

that formula ¢ =a/* has any meaning only away from
Y - a caustic, where the incident and the reflected waves

/ separate, while near a caustic Egs.(1.13) and (1.18)
S~ are to be solved by linking for large |y, | the values

. of with the linear as totic (1.8).
O G @ on WM ¥ yop 1.8

Fig.l

2. Statement and solution of the boundary value problem. Let us find the solu-
tion of Eq.(1.18) or (1.13) when |4, |% =1+, near a caustic for a given asymptotic (1.8).
Equations (1.13) and (1.18) are equations of Painlevé and have two mobile singular points /19/.
Hence if the Cauchy condition is specified at point Yo = —9, which we assume fairly distant
from a caustic, the problem of initial conditions has no continuous solution. Numerical com-
putation shows that the solution of the Cauchy problem rapidly approaches oc. The boundary
value problem for segment [—5, 5] can be taken as an approximate substitution for the problem
stated at the beginning of this Section. At the end of that segment ¥, is defined in con-

formity with the linear solution (1.8). The problem for the second order differential equa-
tion is thus solved.
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B =y WS BT = Kol Wyt = Kty = (=5), f* = [{+9) (2.1)

where v(y) is the Airy function and K = const. By this we also stipulate that the solution

of Eq.(2.1) must merge at boundaries with the linear solution. To obtain homogeneous bound-
ary conditions we use the notation * = ¢, — Kv{(y)/u with which the input problem  (2.1)

assumes the form

P o= PRy 4 (pF + Ku/p)d, ¥ T = yFt = (2.2)

whose solution we seek in the form

5

- 3
v—x{cwp[vre+LE]a (2.3)
—5
where G (y, ) is the Green's function that satisfies the equation 6’ = yG +d8(y — ¢ in

which § denotes the delta function. We split function G into two parts

=Yy <EGH =9 Y
ECy <o 6y, &) =" (v, 8

where 4, ,* are solutions of the linear problem. We obtain these by the method of indeter-
minate coefficients

Po* = ov () + a*u (y), $oF = v (y) + tu (v)
Relations
Py ¥ (B, ) = ho* (E, &)y $* (5, 8) — 9™ (58 =1 (2.4)

are valid for functions P *, ¥,*.
Using formulas (2.4) and the boundary conditions, we obtain for coefficients ¢;, ¢*, ¢, c*
the following expressions
¢, = dl [—putu + prtw), o = d [putvc — ptvl
€y = dt [—poutu” + putv], c,* = d [pavt — pvtvl
d=uw" +uvt, pp=u@)w ¥, p=vEwE
w(E) =u @)V (&) —vEu (§)

Function (2.3) satisfies Eq. (2.2). The solution of the differential eguations thus
reduces to the solution of the following integral equation:

Kv (2.5}

W=t § w8 (v + ) e+ Sxp Wy (v ) @

—5 ¥

which is solved by the improved method of successive approximations /20/ with the linear

-50 ~4djJ -d0 -20 10

Fig.2 Fig.3

Computation results for a focusing medium are shown

solution taken as the zero approximation.
curve < for

in Fig.2, where curve [ corresponds te solution +,/(K/u) for K/u = 0,4 and
K/p =05, cCurves I—4 in Fig.3 were calculated for a medium with defocusing properties.

These curves correspond to K/u = 0,4; 0,5; 0,7; 1,0, respectively. The linear soluticn is shown
in Figs.2 and 3 by dash lines. Note the good agreement with the nonlinear solution for y = +5.
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These results show that the nonlinearity introduces marked changes in the intensity distribu-
tion along the normal to the caustic at transition form the region of light to that of shadow.
In the linear problem these changes are fairly smooth. An abrupt change of solution on the
wave of the "soletone character"” occurs in the nonlinear problem /16/, and the bursts in the
case of a defocusing medium (Fig.3) are smaller than in the case of focusing one (Fig.2).

3. On the absence of branching of the boundary value problem solution.
Let us prove the uniqueness of the solution of the boundary value problem (2.1) when ¢ is
fairly small. Using the notation v*= K¢/u, 8=+ (K/p* we reduce (2.2) to the form

=y te(@+ v Qlc=Plymy =20 (3.1)

In investigating the uniqueness of solution we use the results of /12/ according to which it
is necessary to consider for Eq.(3.l1) the Cauchy problem

=y te@+ ) Phc=0.9l_. =2 (3.2)
where s is a parameter determined by the second of conditions (3.1). We seek a solution of
this problem of the form

9=2c (W) + g W ()

From (3.2) we have

¢ =[§u—:,'%‘§§,-+c"]v(u)+ [—g-ug';‘f%—‘jﬁc.'] u (@)

au (r)

u{c) v’ (r) — v {c) u’ (c)

U=vtecwteu ¢*=—c*=

where the boundary condition at y=¢ was used for determining ¢* and c*. Using the second
boundary condition we obtain

[S?.‘;“—E?ETWL“],"("H[—§ﬁ%+%]u<b)==n (3.3)
- |

According to /21/ problem (3.1) has a unique solution, when parameter a in (3.3) is single-
valued. From (3.3) we have for e

b
_ 4y, —4,)D () _ evUdg, (3.4)
t=—3 A“"_"(b)cSD(E)

D) =u —wvu',B=ulc)v(d)— vic)ul(d)

If e is fairly small, then ¢ ~c*~c¢~c*~a~¢e and rejecting in U smalls of order .
we assume U to be v in the right-hand side of (3.4). Thus ¢ is uniquely determined, and by
virtue of Theorem 1 in /21/ the problem has a unique solution.

The author thanks A. G. Bogdanov for his assistance.
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